We give a pure algebraic method to construct all the infinite families of surfaces S with isotrivial canonical fibration where S is the minimal desingularization of X = Z/G and G is an Abelian group acting diagonally on the product of two smooth curves: Z = F × D. In particular we recover all the known infinite families of surfaces with isotrivial canonical fibration and we produce many new ones. Our method works in every dimension and, with minor modifications, it can be applied to construct surfaces with canonical map of degree > 1.
Introduction.
An infinite family F = {S t } t∈ T of surfaces is a set which intersects an infinite number of irreducible components of the moduli space of all surfaces of general type: that is, for every natural number N ∈ Z Z + there exists t ∈ T such that χ(K St ) > N, where K St is the canonical sheaf, χ(K St ) = 1−q(S t )+p g (S t ), p g (S t ) = dim C H 0 (S t , K St ), q(S t ) = dim C H 1 (S t , K St ). After Beauville [3] showed that for some families of surfaces with p g ≫ 0 the image B of the canonical map Φ |K S | : S− → IP (H 0 (S, K S ) ⋆ ) is a curve, it was worthwhile taking the trouble to establish a geography of these surfaces; other authors [16] , [17] , [9] , [15] , [10] , [19] developed the project. It was known soon that: a) if B is a curve and χ(K S ) ≥ 21 then Φ |K S | is a morphism and 2 ≤ g ≤ 5 where g is the genus of the fibre, see [3] [proposition 2.1]; b) B is the rational normal curve of degree p g − 1 or the elliptic normal curve of degree p g and 0 ≤ q(S) ≤ 2, [17] . So far some infinite families of surfaces with canonical fibration φ |K S | : S → B of genus g = 2 or g = 3 have been found; they split into two cases: i) φ |K S | : S → B is an isotrivial fibration, that is, the smooth fibres are isomorphic each other; ii) it is not an isotrivial fibration; for this second class we refer to [6] where the reader can find a complete bibliography.
The purpose of this article is to present a uniform and algebraic procedure to construct infinite families of surfaces with isotrivial canonical fibration; see Theorem 2.3. Moreover we will show that the case g = 5 does not occur as Xiao conjectured in [18] and we will construct explicitly all the genus ≤ 3 isotrivial canonical fibrations f : S → B where S is the minimal desingularization of X = Z/G and G is an Abelian group acting diagonally on the product surface Z. All the known examples of infinite families can be recovered from our method and it can be generalized naturally to varieties of dimension > 2. Finally we should point out the rich and unknown geometry that the following two theorems show. Acknowledgment: I would like to thank F.Catanese for pointing out some evidence [5] which brought me to theorem 2.3, then M. Manetti for showing me a short way to exclude the genus-5 case and the group of geometers of Dipartimento di Matematica del Politecnico di Torino, where I wrote the first version of this paper, for their supportive attitude.
Notations. S will be a surface with canonical map composed with the pencil f : S → B and also it will be the desingularization of X = F × D/G where G is an Abelian group acting faithfully on the two curves F , D with quotients F/G = A and D/G = B and acting diagonally on F × D. In particular f will factorize through the projection X → B and F will be its fibre. Since we will be concerned with product surfaces we will denote by capital letters also the points of A, B, D, B whenever it can arise no confusion.
The diagonal action
An action of a group G on a variety Z is called faithful if no non-trivial element of G acts trivially on Z. Let us consider an analytic faithful action of a finite group G on Z. The isotropy subgroup (stabilizer) of a point P ∈ Z is the subgroup G P of elements in G fixing P . An action is free if G P = {1} for every P ∈ Z. Let X = Z/G be the quotient variety with the natural projection π G : Z → X. A point P ∈ Z is called a ramification point if π G is ramified at P and π G (P ) = [P ] is called a branch point. It is well-known that all points in π −1
have the same multiplicity by π G and this number is called the branching order of [P ] . If G acts on two smooth curves F , D, we can define the diagonal action on F ×D by (x 1 , x 2 ) → (γx 1 , γx 2 ) for all (γ, x 1 , x 2 ) ∈ G×F ×D. We consider a finite group G acting faithfully on two smooth curves F , D and we denote Z = F × D, A = F/G, B = D/G. Set X = Z/G for the quotient by the diagonal action and denote by π A : X → A, π B : X → B the two projections. In particular π B : X → B is a constant moduli fibration meaning that all the smooth fibres are isomorphic to F . A similar description applies to π A : X → A: its smooth fibres are isomorphic to D. Since the stabilizer of a point P of a curve is a cyclic subgroup of G then the finite map π G : Z → X is branched at the isolated points [(
] for some γ ∈ G \ {id}. These points are precisely the singular locus of X, in view of the purity of branch locus theorem. In particular X has cyclic quotient singularities, hence Hirzebruch-Jung singularities only. Then if ν : S → X is the minimal desingularization of X, [ [14] p. 64], the fibre of ν over each singular point of X is an Hirzebruch-Jung string [cf. [2] ]. Such desingularization is called a standard isotrivial surface after Serrano [14] and the induced fibrations f 1 : S → A, f 2 : S → B are called standard isotrivial fibrations. In the rest of this paper G will be an Abelian group acting faithfully on the smooth curves F , D and we will also assume g(F ) ≥ 2 and g(D) ≥ 2. Let ∆ : G × Z → Z be the diagonal action with quotient Z/G = X and with quotient map ρ : Z → X. Since G acts freely on Z outside a finite set of points {P 1 , ...P t } ⊂ Z with non-trivial stabilizer G P i , X is a normal surface with only isolated rational singularities [[4] Satz 1.7]. Let Sing(X) = {ρ(P 1 ), ...ρ(P t )} ⊂ Z be the singular locus of X and let j : X 0 → X be the natural inclusion. By well-known results on isolated quotient singularities cf. [12] 
. We call α the quotient action. We set Y = X/G and by a trivial computation we obtain
The next proposition is an extension of proposition 4.1 in [11] to a surface with isolated rational singularities.
Furthermore we also have a decomposition into invertible sheaves of π G⋆ ω X such that:
where G acts on (π G⋆ ω X ) χ via the character χ.
Proof. i). Since X is normal, Y is smooth and G is Abelian then by [11] , π G is flat and the action α induces the desired splitting on π G⋆ O X . ii). Let Sing(X) be the union of the singular points of X, X 0 = X \ Sing(X),
be respectively the natural inclusions and the projection. Since π 0 G is a smooth G-cover then by [11] 
We want to show that:
χ coincide outside a finite set of points and
If G is an Abelian finite group acting faithfully on two smooth curves F and D, the diagonal G-action on the product surface Z = F × D and the quotient action on the surface X = Z/G forces some structure on the invariants of X which can be read from the G-action on F and D. Then we are led naturally to the following definition: The next lemma relates the invariants of a G-sandwich surface X with the invariants of the curves which produce X. 
are the decompositions in subspaces where G acts on V i,χ via the character χ, there is a nice decomposition on the vector space H 0 (X, ω X ) which is a sort of Künneth formula for an Abelian quotient of a direct product. 
On the other hand by the Künneth formula
We have looked at the roof of X. Now we pay attention to the floor and we discover that the pieces of the decomposition H 0 (X, ω X ) = ⊕ χ∈G ⋆ V 1,χ ⊗ V 2,χ −1 induced by the diagonal action can be related to the pieces on Y produced by the quotient action α. 
. On the other hand the action α is induced by the action α ′ : G × Z → Z which operates trivially on the second factor. Then by 1.4 we have
Surfaces with canonical map composed with a pencil
Surfaces do not usually come equipped with a fibration, but when they do and if the fibration is the map associated with the canonical linear system, the interplay between the genus and other additional structure on the fibres, the genus of the base curve and the invariants naturally attached to the surface provide a great deal of information. A surjective morphism with connected fibre F , f : S → B of a smooth projective surface S onto a genus b smooth curve B is called a genus b pencil of curves of genus g if g is the arithmetic genus of F . From now on we assume that S is a surface of general type with p g ≥ 2. We say that the canonical linear system | K S | is composed with a pencil if the canonical image Σ = Φ |K S | (S) is a curve; in this case let ǫ : S ′ → S be the elimination of the base points of the moving part of | K S |, then, taking the Stein factorization, we get a genus-b pencil f : S ′ → B and a morphism B → Σ. We call the induced fibration f : S ′ → B the canonical fibration. Since we will deal with singular surfaces we will recall Beauville's definition of canonical map for a singular surface of general type, [3] Let us assume that the surface X is of general type; by the unicity of the minimal model, the definition of Φ |K X | does not depend on the choice of ν. In particular Φ |K X | (X) is a curve if and only if Φ |K S | (S) is a curve. Now we define a suitable class of surfaces with canonical map composed with a pencil. This class includes all the known examples of surfaces with isotrivial canonical fibration; see: [3] , [16] , [17] , [9] , [20] .
Definition 2.2 We shall say that S is a G-sandwich canonically g-fibred surface on B with top F × D and base A × B (G-canonical for short) if 1) S is a smooth model of a G-sandwich surface X with top F × D and base
In the following theorem we will prove an effective method to characterize G-sandwich canonically g-fibred surfaces. This theorem relies on theorem 1.4. Theorem 2.3 Let X be a G-sandwich surface with top Z = F ×D and base Y = A×B with p g ≥ 2 and let ν :
be the decompositions into subspaces where G acts on V i,χ , i = 1, 2, via the character χ. Then S is a G-sandwich canonically g-fibred surface on B if and only if there exists an unique χ 0 ∈ G ⋆ such that the following two conditions hold:
Proof. If there exists an unique
is a meromorphic function which depends only on y ∈ B; whence Φ |K X | factors through f 2 : X → B. Conversely, if Φ |K X | is composed with the pencil f 2 : X → B and there exist χ, χ
are 2-forms on X and they induce a moving linear system on the fibres F of f 2 : X → B. In particular Φ |K X | (F ) can not be a point; a contradiction. The same argument shows that dim C V 1,χ 0 = 1 and dim C V 2,χ
Surfaces with canonical map composed with a pencil are very exceptional in the theory of surfaces of general type. In particular there are strong bounds on some of their invariants. The next proposition is a specialization of these bounds to the case of a G-sandwich canonically g-fibred surface. Moreover if p g ≥ max{85 − 2q(X), 44} then g = 5 does not occur.
Proof. By 2.1 there is a birational morphism η : S → X where Φ |K S | is composed with the pencil f = f 2 • η. It is easy to see that the moving part of | K S | is without base points. In particular F is the generic fibre F of f and then the bound 2
then A) and B) are easily obtained by [17] [proposition]. Now we show that g = 5 and p g ≥ 44 does not occur. In fact if g = 5 then by [15] (see also [20] )
: a contradiction with the Noether formula. ⊣ ¿From Theorem 2.4 we see that to produce a G-sandwich canonically g-fibred surface with large invariants we must try to construct surfaces with p g (S) ≫ 0. On the other hand the above restriction on the genus of F , A, B enable us to build all the G-sandwich canonically g-fibred surfaces. In fact the two conditions in theorem 2.3 show a procedure to manifest all these surfaces. The following remark will be useful:
gives a basis of
Proof. The proof is trivial if in 2.3 we put V 1,χ 0 = ηC and V 2,χ
We will be concerned mostly with G-canonical surfaces where G is a product of some copies of Z Z/2. In-fact we will use tacitly the following description of quotient surfaces X = Z/G where all the stabilizers are isomorphic to Z Z/2.
Theorem 2.6 Let Z be a nonsingular surface with G acting freely outside the finite set of points {P 1 , ...P t } ⊂ Z with stabilizer 
the quotient map and let ν : S → X be the minimal resolution (i.e. the blow up of the t nodes of X). Then if n =| G | we have:
are in a limited family. Then, given m ∈ Z Z + , m ≫ 0 we want surfaces with p g = m and isotrivial canonical fibration. By 2.4 the irregularity q = q(S) = g(A) + g(B) is at most 2 and if p g ≫ 0, 2 ≤ g = g(F ) ≤ 4. All known examples are with g = 2 or g = 3. We postpone the case g = 4 and the exceptional limited families with g ≥ 5 to a forthcoming paper. We will classify all the G-sandwich canonically g-fibred surfaces with p g ≫ 0 and g = 2 or g = 3. The seven cases to classify are listed below (see 2.4):
The outline of the classification proof of infinite families of G-sandwich canonically 2-fibred surfaces is the same as that of genus-3 case. On the other hand it is easier and it is clear how it works. We describe all the genus-2 infinite families even in the known cases. Moreover we will prove a unicity theorem which was a gap in this theory. We will need the following well-known result: 
where χ is a generator of
Proof. The claim follows from 3.1 and from the well-known argument by Hurwitz to compute all the possible ramification indexes. ⊣ Our aim is to classify all G-sandwich canonically 2-fibred surfaces with p g ≫ 0. We start with the case B 2 in table (3).
Proposition 3.3
If S is a G-sandwich canonically 2-fibred surface on an elliptic curve with p g (S) = m ≥ 2 then S is the minimal desingularization of X = Z/G where
Proof. Let S be a G-canonical surface with Φ |K S | composed with the pencil f 2 : S → B where g(B) = 1 and g(F ) = 2. By 2.5 there is a G-invariant 1-form on F . By 3.2 all these G actions are known. Then we have to study all the G-covers D → B such that the decomposition families {V 1,χ } χ∈G ⋆ , {V 2,χ } χ∈G ⋆ satisfy the condition of 2.3. In particular we want the character χ 0 . Since g(B) = 1 then by 2.4, g(A) = 0. Now we follow the list in 3.2 table (4).
The cases G = Z Z/d where d = 3, 4, 5, 6 are impossible. The proofs are the same. We explain the proof of d = 3 only. The Galois map D → B is given by L χ , L χ 2 ∈ Pic(B) and two effective divisors D 1 , D 2 such that:
Taking the degrees, we have 3l
By 2.3 and 3.2,
In particular deg(L χ 1 ) = 0. Then, taking the degrees, we obtain Proof. We suppose that | K X | is composed with f 2 : X → B where g(B) = 0.
Furthermore, by definition, g(F ) = 2 and therefore by 3.2, G = Z Z/2 and H 0 (F, Ω 
Proof. We can exclude the cases G = Z Z/d, d = 2, 3, 4, 5, 6 of 3.2 as in 3.3. Let G = Z Z/2 × Z Z/2. Since B = IP 1 then Pic(IP 1 ) = Z Z and to obtain the solutions we need to solve the degree system associated to (6) with the condition
Taking the degrees in (6) we obtain:
which are the desired solutions. ⊣ We have shown the cases with g(F ) = 2 in the table (1).
′ be the involutions associated to ρ E , ρ E ′ respectively. Let C be the normalization of the fibre product E × A E ′ , thus g(C) = 2 and the natural map
where i = 1, 2, 3, 4, 5. By abuse of notation we put 
We have construct the Z Z/2 × Z Z/2-action on the genus-2 curve C = F . We will construct the Z Z/2 × Z Z/2-action on D obtained in 3.7. We consider E → IP 1 = B and E ′ → IP 1 = B two 2-to-1 morphisms branched on P 1 , ...P 2m and on A 1 , A 2 respectively and let
In fact it is easy to find a basis α 1 , ..., α 2m−1 such that
..η∧α m−1 . Then Φ |K X | yields a pencil with image the rational normal curve of degree m − 1 and general fibre F . We remark that if A i = R j , i = 1, 2, j = 1, ..., 2m we obtain the family I); if A 1 = R 1 and A 2 = R j j = 1, ..., 2m, we have II); finally, if A 1 = R 1 , A 2 = R 2 then we have III). We can carry on the explicit computation of the nodes occurring in each family. We recall that ρ −1 1 (Q i ) = {Q i1 , Q i2 }, i = 1, ..., 5 and we set ρ
The classification of infinite families of G-sandwich canonically 3-fibred surfaces is more difficult than the genus -2 case. Moreover there are many new cases with a rich structure. The following lemma is the analogue of 3.2: 
Lemma 4.1 Let G be an Abelian group acting on a smooth genus-3 curve F with quotient
Proof. The proof is straightforward but long. It requires two basic ingredients: a standard Hurwitz's argument, plus the realization of G as a Γ-quotient via a homomorphism with torsion free kernel, where
, is the ramification index of each P ij ∈ π −1 (Q i ) and Q 1 , ..., Q m ∈ A are the branch points of π :
We consider a surface S with p g ≫ 0 and genus-3 fibre of the canonical pencil f : S → B. We call b the genus of B and q = q(S) the irregularity of S. From 2.5 we have to consider the last four cases in the table (3): A 
| G |≤ 8
The examples of surfaces with isotrivial canonical pencil with genus-3 fibre and p g ≫ 0 existing in the literature, as fas as we know, are G-sandwich canonically 3-fibred surfaces with a Z Z/2-action or a Z Z/2×Z Z/2-action. As a by-product of our classification we will see that all G-sandwich canonically 3-fibred surfaces with p g ≫ 0 and
q=b=0, g=3: The surfaces constructed in this section are all new. In fact the case q = b = 0 is the richer and the harder one.
Proposition 4.2 If S is a G-sandwich canonically 3-fibred surface on a rational curve with
| G |≤ 8, q(S) = 0, p g (S) = m − 1 ≥ 3 then S is the minimal desingularization of X = Z/G where G acts diagonally on Z = F × D, g(F ) = 3
, X has t nodes and S is in one of the following classes:
Proof. We have to consider groups G in table (7) with | G |≤ 8 and g(A) = 0. In fact we have to classify all the
χ satisfies the two conditions in 2.3. Now G = Z Z/2 does not occur since dimV 1,id = 0, dimV 2,id = 0 and dimV 1,−id = 3, dimV 2,−id > 1. G = Z Z/3 does not occur. In fact we have to solve the system (5) which becomes a simple system with integer coefficients; we can assume dimV 2,χ 2 = 0 where G ⋆ = χ . Then it leads to the following solution:
; which corresponds to a surface not of general type. By the general theory of Abelian covers
We have to consider the two Z Z/4-action in the table (7) . If
Then g(D) = 3 and the minimal desingularization S has p g = 2.
The case G = Z Z/2 × Z Z/2. We recall that the stabilizer G(P ) of a point P ∈ Z is the trivial group or G(P ) = Z Z/2. In particular by 2.6 the minimal resolution S → X = Z/G is the blow up of the t nodes of X and S is minimal. We want three reduced divisors D 1 , D 2 , D 3 and three line bundles on
which satisfy the system (6). Set m = deg(L χ 1 ) and we easily see that we obtain the desired solutions. 
Looking to the two actions in 7 we easily see that we can assume that V 2,χ 5 = 0 that is deg(L χ ) = 1. Then it is obvious that p g (S) is small. A brute computation shows that if
The cases G = Z Z/7 or G = Z Z/8 or G = Z Z/2 × Z Z/4 have no solutions.
where H ijk ≃ Z Z/2 are the 7 non-trivial subgroups and χ ijk are the non-trivial characters of G with the obvious notation. We want divisors D ijk and line bundles L ijk on IP 1 such that (7) and theorem 2.3 we can assume degL 010 = degL 001 = 1 in the system (10) . Moreover since D is connected degL ijk ≥ 1 for every triple (i, j, k). Then we can easily solve (10) and the desired G-actions on a curve D are: We will show a geometrical procedure to construct the families found in 4.2.
we start with A = B = IP 1 . Let π : C → IP 1 the 2 : 1-cover induced by the hyperelliptic involution j 1 : C → C on a genus-2 curve and let W 1 , ..., W 6 ∈ C be the Weierstrass points. Set π(W i ) = A i i = 1, ..., 6. Let E → IP 1 the 2 : 1-cover branched on A 1 , A 2 , A 3 , A 4 and i 1 : E → E the induced involution on the elliptic curve E. The group i 1 × j 1 ≃ Z Z/2 × Z Z/2 acts on the fibre product C × IP 1 E = F in the obvious way, Γ = F/ i 1 j 1 is the 2 :
1-cover branched respectively on R 1 , ..., R 2m and on Q 1 , Q 2 ; then g( C) = m − 1, g( E) = 0 . Let i 2 : C → C, j 2 : E → E the induced involutions. The group i 2 × j 2 acts on the fibre product C × IP 1 E = D and Γ = F/ i 2 j 2 is the 2 : 1-cover Γ → IP 1 branched on
).
Consider Z = F × D with the G-action given by i, j where i = (i 1 , i 2 ), j = (j 1 , j 2 ).
In particular on X = Z/G there are the 16 nodes obtained by the 16 points of Z with stabilizer j . Since
.., η ∧ α m−1 }; that is X is the family I) of 4.2. The families II) and III) are obtained by a degeneration argument. In fact if the point R 1 coincides with Q 1 we have II) while III) is given by the conditions:
We consider the Z Z/2 × Z Z/2-action on a genus-2 curve C which gives the three families of G-sandwich canonically 2-fibred surfaces on a rational curve with q(S) = 0 described in section 3.1. With the same notation there let ρ E ′′ :
acts on the normalization of the fibre product 
in particular V 2,χ 100 = α 1 , ..., α m−1 , V 2,χ 010 = 0, V 2,χ 001 = 0. Now it is easy to construct
.., η ∧ α m−1 } and S = X/G is the surface with p g (S) = m − 1 of type i) in 4.2. We can obtain the other surfaces in 4.2 with a Z Z/2 × Z Z/2 × Z Z/2-action through a degeneration argument similar to the previous one in the Z Z/2 × Z Z/2-case. q=1, b=0, g=3: as far as we know the only examples of isotrivial canonical fibrations with q = 1, b = 0, g = 3 are in [20] , see also [5] and [6] . Here we will give the complete classification of G-sandwich canonically 3-fibred surfaces on a rational curve with p g (S) ≫ 0, q = 1. 
Proof. It is easier than the proof of 4.2. In fact g(A) = 1 and by the table (7) we have to classify all the 
and we easily solve the system (6) which gives the desired solutions ⊣
The three families of proposition 4.3: a geometrical construction
We want to construct a Z Z/2 × Z Z/2-cover π 1 : F → A on the elliptic curve A. Let C → A be the 2-to-1 cover branched on P, Q ∈ A, π −1
′ be the normalization map and set {P 
and X = Z/G. By the proof of 2.3 we see
is composed with the rational pencil f 2 : X → B and X is in the class I) of 4.3. The classes II) and III) can be obtained by a degeneration argument from the class I). In fact if R 1 = A 1 we have II) and if
q=b=1, g=3: In [17] Xiao constructed an infinite family of Z Z/2 × Z Z/2-sandwich canonically 3-fibred surfaces on an elliptic curve. In the following proposition we will classify all the G-sandwich canonically 3-fibred surfaces with q = b = 1, p g (S) ≫ 0. In particular we will show that a) the family of Xiao is the only Z Z/2 × Z Z/2-infinite family; b) there is also a Z Z/2 × Z Z/2 × Z Z/2-infinite family. 
Proof. Since q(S) = 1 and the fibre of the Albanese map is connected, we have that f 2 : D → B = D/G is the Albanese map g(B) = 1 and g(A) = 0. By (7) we have to consider all the G actions on D such that the induced decomposition 
The case G = Z Z/2 × Z Z/2. We consider the system (6) adapted to our hypothesis. By the first Z Z/2 × Z Z/2-action on F we obtain that L χ 1 , L χ 2 and L χ 1 χ 2 are non-trivial, torsion line bundles, then g(D) = 1, i.e. S is not of general type. Let us consider the other Z Z/2 × Z Z/2-action on F . ¿From (6) we obtain that L χ 2 is a non-trivial torsion line bundle on the elliptic curve B and L χ 1 + L χ 2 ≡ L χ 1 χ 2 where degL χ 1 = m. Then we have an unique solution and g(D) = 2m + 1.
, we can require V 2,χ 010 = V 2,χ 001 = 0 and dimV 2,χ 100 = p g (S) = m > 1. We maintain the notations of the system (10) and it follows that L 010 ,L 001 and L 011 are three distinct, non-trivial 2-torsion bundles on the elliptic curve B. Moreover The case G = Z Z/2 × Z Z/2 : The action G × F → F has been described above; see 4.1.1. Let π : C → B, g(B) = 1 be a 2 : 1-cover branched on R 1 , ..., R 2m , let E → B a 2-to-1 unramified covering, g( E) = 1 and we denote by i 2 : C → C, j 2 : E → E the induced involutions. On the fibre product E × B C = D acts the group i 2 × j 2 ≡ Z Z/2 × Z Z/2 and Γ = D/ i 2j2 is an unramified 2-to-1 cover Γ → B. We can easily find a basis α 1 , ...α m ; β 1 , ...
given by i, j where i = (i 1 , i 2 ), j = (j 1 , j 2 ) and let S = Z/G. The action is free and since
that is Φ |K S | yields a pencil with image the elliptic normal curve of degree m.
We have constructed the suitable Z Z/2 × Z Z/2 × Z Z/2-action on the genus-3 curve F in 4.1. q=2, b=0, g=3: in [3] [Example 2], Beauville constructed an infinite family of surfaces with q = 2, canonical map composed with a pencil and non-surjective Albanese map. In [9] [Theorem 3.6] Konno showed that this family is essentially unique: that is if S has canonical map composed with a pencil, q = 2, p g ≥ 8 and non-surjective Albanese map then S is the example of Beauville. In the following proposition we give a simple proof of Konno's result in the case of G-sandwich canonically fibred surfaces. We remark that we does not assume g = 3. 
Now we must classify all the G actions on a curve D such that D/G = B and the induced decomposition H 0 (D, Ω 1 D ) = ⊕ χ∈G ⋆ V 2,χ satisfies 2.3. It is an easy computation to show that only the case g(F ) = 3 works and it gives Beauville's family. ⊣
We have proved the first theorem stated in the introduction. Now we will show the second one.
| G |> 8
The results showed in this section are new. We will prove that there is a rich geometry among the G-sandwich canonically 3-fibred surfaces with | G |> 8. More precisely we will show that only the case G = Z Z/2 × Z Z/8 occurs but it gives many different cases. By table (7) we have to consider the following three cases: 1) dimV 2,χ −1 = p g (S) and V 2,χ −2 = V 2,χ −4 = 0;
2) dimV 2,χ −2 = p g (S) and V 2,χ −1 = V 2,χ −4 = 0;
3) dimV 2,χ −4 = p g (S) and V 2,χ −1 = V 2,χ −2 = 0.
On the other hand all these cases differ by an automorphism of G. Then we can compute the first action only: By [11] we have:
Let l i = degL χ i , i = 1, . . . , 8, n i = degD χ i and n 3 = degD φ , n 6 = degD φ 2 . Taking degrees, by 4.2 we obtain:      9l 1 = n 1 + 5n 2 + 3n 3 + 6n 6 + 7n 4 + 2n 5 + 4n 7 + 8n 8 l 7 = 7l 1 − (3n 2 + 2n 3 + 4n 6 + 5n 4 + n 5 + 3n 7 + 6n 8 ) l 5 = 5l 1 − (2n 2 + n 3 + 3n 6 + 3n 4 + n 5 + 2n 7 + 4n 8 )
Since g(B) = 0 then l 7 = l 5 = 1 and this implies n 1 = 0, n 2 = n 7 = 1 or n 2 = 0, n 1 = n 8 = 1; that is g(D) = 0: a contradiction. We end this article with a natural problem: classify all the isotrivial canonical fibrations where the involved group G is not Abelian.
